We describe the defining sets of extended cyclic codes of length p n over a field and over the ring of integers modulo p e admitting the affine group AGL m (p t ), n = mt, as a permutation group.
The set of groups G m = AGL m (p t ) form a lattice which is isomorphic to the lattice of subfields of F p n . Indeed, G m ⊆ G k if and only if F p m ⊆ F p k . The maximal group is AGL n (p) and the minimal group is AGL 1 (p n ).
The problem is well studied in case of codes over a field. An extended cyclic code of length p n is called affine invariant if it is invariant under the affine group AGL 1 (p n ) acting on F p n . They were characterized by Kasami et al. [14] . Later Charpin reproved this result in terms of group algebras [8] . Berger and Charpin proved [7] that the permutation group P er(C) of any affine invariant code C is either the symmetric group Sym(p n ), or satisfies the condition AGL m (p t ) ⊆ P er(C) ⊆ A L m (p t ) for some m, t with mt = n, where A L m (p t ) = AGL m (p t ) · Gal(F p t /F p ) is the semiaffine general linear group. Moreover, the automorphism group of an affine invariant code C over a field F can be easily constructed from the permutation group: Aut(C) ∼ = F * × P er (C) . Therefore, the important question is to determine what affine invariant code is invariant under AGL m (p t ). This result is due to Delsarte [10] . He gave a necessary and sufficient condition (in terms of defining sets) for affine invariant codes to be invariant under AGL m (p t ). Recently, Berger and Charpin [7] found another condition equivalent to those of Delsarte. These results are also described in the Handbook of Coding Theory [13] .
The algebraic structure of modules over F p t GL m (p t ) is studied in [6] . The lattice of codes invariant under AGL m (p t ) is determined in [16] .
In this paper, we describe extended primitive cyclic codes of length p n invariant under the affine group AGL m (p t ), where n = mt, in terms of polynomial functions and defining sets. We give one more necessary and sufficient condition for codes to be invariant under AGL m (p t ) (see Theorem 5.5) . Of course, it is equivalent to conditions of Delsarte, and Berger and Charpin, but it looks much simpler and it is very easy to deal with. Theorem 5. 4 gives a description of the defining sets of AGL m (p t )-invariant codes. For any polynomial code invariant under AGL m (p t ) we can present its defining set, and, conversely, for a given defining set we can explicitly construct the corresponding code in terms of polynomial functions (Theorem 5.3). Moreover, Corollary 5.6 shows that any group G satisfying the condition AGL m (p t ) ⊆ G ⊆ A L m (p t ) can be realized as a permutation group of an affine invariant code.
Then we apply our approach to codes over Z/p e Z (the ring of integers modulo p e ). There is growing interest in such codes. In particular, it turns out that codes over Z/4Z give a systematic way of constructing very good binary codes. For example, the famous Kerdock and Preparata codes are non-linear binary codes that contain more codewords than any comparable linear codes presently known. Recently, Hammons et al., [12] showed that the Kerdock and Preparata codes can be very simply constructed as binary images under a certain map, called the Gray map, of linear codes over Z/4Z. The Kerdock and Preparata codes, considered as codes over Z/4Z, are analogs of the classical Reed-Muller codes: they have length 2 n and they are invariant under the affine group AGL 1 (2 n ).
We study the extended cyclic codes over Z/p e Z and give a necessary and sufficient condition for these codes (in terms of defining sets) to be invariant under AGL m (p t ) (Theorem 6.5). These results were announced in [3] . Our considerations are closely related to the study of G m -invariant integral lattices [4] . Two important extremal cases, m = 1 and m = n, were studied also in [1, 2] in detail. In papers [9, 11] some particular cases were considered with a different approach.
These research results were attained with the assistance of the Alexander von Humboldt Foundation. I am very grateful to my host professor R. Scharlau for stimulating conversations and generous hospitality.
Preliminaries
Let F p n be a finite field of p n elements, p be a prime number. Let A = F [V ] be the group algebra of the abelian group
Operations in A are given by
The element X 0 is the unity of the algebra A and A is a module over F of rank p n with basis
We consider F-submodules of A as codes of length p n based on the alphabet F.
is a semidirect product of the abelian group V and the multiplicative group GL 1 (p n ) = F * p n of the field F p n and it acts on A
G 1 -invariant submodules of A are called affine invariant codes, and
are cyclic codes. If C is a cyclic code in A , then the extended cyclic codeĈ is obtained by embedding
We recall some facts and definitions for the case when F is a field. A cyclic code C of length p n − 1 over F is an ideal in the quotient ring F [Y ]/(Y p n −1 − 1), and the code C is uniquely determined by its generating polynomial f (Y ). Let be a primitive element of the field F p n . Then the set T of all numbers s, such that 0 < s p n − 1 and f ( s ) = 0, is called the defining set of C. Note that we consider the defining set of a cyclic code in the range 0 < s p n − 1, rather than 0 s < p n − 1, as usually defined; this allows us later to consider 0 as an element of the defining set of the extended code.
Consider the following F-linear map of A (respectively A ):
where 0 s p n − 1 (respectively 0 < s p n − 1). If C ⊆ A is a cyclic code then
is the defining set of C. Then T ∪ {0} will be the defining set ofĈ. For s, 0 s p n − 1, the p-adic expansion is
The partial order relation ≺ on {0, 1, . . . , p n − 1} is defined as follows:
The following result is well-known [8, 14] . 
Invariant codes
We consider codes invariant under the group G m = AGL m (q) = V · GL m (q), where n = mt and q = p t . First we study codes over a field F = F q of q elements, and in the next section we consider codes over prime fields. The ambient space we denote by F, so
Since F q is a subfield of F p n , we can consider V as a vector space of dimension m over the field F q . Choose a basis {e 0 , . . . , e m−1 } of V over F q . The natural action of the group G m = AGL m (q) on F is defined as follows:
Thus the problem of describing of G m -invariant codes in F is equivalent to the problem of describing GL m (q)-invariant ideals of the ring F. The elements of F can be considered as functions from V to F. As a function, an element a v X v is the one that assigns a v to the element v of V. Consider the polynomial functions Since q = for ∈ F q , the polynomial functions can be reduced modulo We define the modules
. Note that, in general, the monomials in this definition may not be the basis monomials (but we can reduce them to basis ones). It is easy to see that 
We recall that
The following lemma is taken from [5] (it also follows from [6] ). In particular, the lemma says that if a module M is invariant under G m ,
where 0 i ab p − 1, 0 a m − 1, 0 b t − 1, and i sj > 0 for some s and j, then 
. , t−1 ).
Here is one important particular case.
Example 1.
If M is the th order generalized Reed-Muller code then
. . , t−1 ).
Now we are going to describe the situation when a module M( 0 , . . . , t−1 ) is a submodule of another module M( 0 , . . . , t−1 ). This is given by the following. (1), (2)). In the former case f generates M( 0 , . . . , t−1 ); in the latter case f belongs to the required (maximal) module.
where the indices j are considered modulo t and it is assumed
And so on.
Then we have the following modules over F q :
Invariant codes over a prime field
Now we are going to study a situation when we change the alphabet field. Let U = n i=1 Fg i be an ambient space for codes over the finite field F. Let K be an extension of F of degree m and be a generator of the Galois group Gal(K, F ). We consider the K-space U = n i=1 Kg i ⊃ U and define the action of Gal(K, F ) on U:
The following theorem is of independent interest. The matrix of the last system is invertible, as we mentioned above.
Now we obtain results for codes over the prime field. Define
where
Introducing the map T r : F → A by
we see that
It is also clear that
So from Theorems 4.1 and 3.1 we obtain the following result. 
Then we have the following modules over F p (see Example 2):
Defining sets
Let us describe the G m -invariance property in terms of defining sets. The defining set of the G m -invariant code C over a field F is equal to the defining set of the G m -invariant code C = F C over F , where F ⊇ F and F ⊇ F q ; so we can restrict ourselves to codes over the field F q .
The standard bilinear form on F is 
Proof. Consider the set
It is sufficient to prove that 
Here it is assumed that s =
mt−1 i=0 s i p i is the p-adic expansion of s.
(ii) Let C be a code over F q invariant under the group G m , T be the defining set of C, and T = {0, . . . , q m − 1}\T . Then
where s = s i p i is the p-adic expansion of s.
Proof. First of all, we extend the alphabet field F and set Finally, since dim We define
The next theorem, which follows from Theorems 5.3 and 3.1, gives a description of G m -invariant codes.
Theorem 5.4. Let T ⊆ {0, . . . , p n − 1}. Then T is the defining set of a code (over a field F) invariant under the group G m if and only if T satisfies the following two properties:
(i) T is a union of several subsets T ( 0 , . . . , t−1 );
From the description of G m -invariant submodules we have one more criterion for extended cyclic codes to be G m -invariant. 
Proof. Recall that the defining set of the G m -invariant code C over a field F is equal to the defining set of the G m -invariant code C = F C over F , where F ⊇ F and F ⊇ F q ; so we can assume F ⊇ F q (we could even assume F = F q since F q is a splitting field for G m ).
Necessity. Let C be G m -invariant code, s = 
Further, applying 
Applying 1 l+1,l+2 we have
we will repeat the previous reasoning. Sufficiency. We set
We will prove that C ⊥ is invariant under G m . Let We need to prove that f ∈ C ⊥ ; then the result follows by Theorem 5.3.
Consider the condition (s
If s lt +· · ·+(s lt+j +1)p j · · ·+s lt+t−1 p t−1 q then s lt+j =s lt+j +1 =· · ·=s lt+t−1 =p−1 and we consider two cases.
( 
Codes M(2, 0) and M(1, 1) are not invariant under AGL 4 (2).
Corollary 5.6. Let G be a finite group, AGL m (p t ) ⊆ G ⊆ A L m (p t ). Then there exists an affine invariant code C of length p mt such that P er(C) = G.
Proof. There is a divisor k of t such that G = AGL m (p t ) · k , where is a generator of the Galois group F p t /F p . We define an affine invariant code C by its defining set 
Codes over Z/p e Z
In this section, we consider extended cyclic codes over the ring Z/p e Z of integers modulo p e . We have
At first, we state results for the particular case e = 2, since it is the most important case and it is frequently considered in coding theory.
Codes over Z/p 2 Z
Let C be an extended cyclic code over Z/p 2 Z in A (i.e., invariant under GL 1 (p n )). There are two canonical subcodes of C
They can be considered as linear codes over F p . We say that (T 1 , T 2 ) is the defining set of C if T 1 and T 2 are the defining sets of C 1 and C 2 , respectively. Assuming that C i is naturally embedded in F, we have
We have the following theorem. 
Properties (i) and (ii) show that T 1 and T 2 are the defining sets of extended cyclic codes over
Let us consider two important extremal cases: codes invariant under the affine groups AGL 1 (F p n ) and AGL n (F p ) (they were also considered in [1, 2] in detail). In these cases necessary and sufficient conditions can be simplified. 
This corollary allows us to give an explicit description of extended cyclic codes invariant under AGL n (p). Let R(r 1 , r 2 ; n) be the extended cyclic code with the defining set (T 1 , T 2 ), where
In other words, R(r 1 , r 2 ; n) = C is the extended cyclic code over Z/p 2 Z such that C 1 and C 2 are respectively, the r 1 th and r 2 th order generalized Reed-Muller codes R(r 1 , n) and R(r 2 , n), 0 r d < n(p − 1). 
Codes over Z/p e Z
In the general case, for an extended cyclic code C over Z/p e Z we define associated linear codes over F p
Assuming that C i is naturally embedded in F, we have
From the results of [4] it follows that an extended cyclic code C is uniquely defined by the sequence {C 1 , . . . , C e }.
We say that (T 1 , T 2 , . . . , T e ) is the defining set of C if T i is the defining set of C i for all i = 1, 2, . . . , e. Then we have
It is clear that
The next theorem gives a criterion for codes over Z/p e Z to be G m -invariant. 
Note that in Theorem 6.5 the properties (i) and (iv) can be replaced by one property: (Subscripts mod n.) 
Proofs
We wish to extend our ring Z/p e Z to apply a similar scheme of investigation as in previous sections. First we construct an extension of the ring Z p . Let E be the (unique) unramified extension of the field of p-adic numbers Q p of degree t and R p be the integral closure of Z p in E. Let Gal(E/Q p ) be the Galois group of E over Q p . We will use the following properties of the ring R p :
(1) The ring R p has the unique maximal ideal pR p and any nonzero ideal in R p is equal to p l R p for some nonnegative l.
(2) R p /pR p ∼ = F q (we will identify these finite fields). We are going to work with the quotient ring R p /p e R p . Note that in the case p e = 4 this ring is used in many papers on codes over Z/4Z and called the Galois ring GR (4 t 
